PROJECTIVE MODELS OF THE SUPERSINGULAR K3 
SURFACE WITH ARTIN INVARIANT 1 IN CHARACTERISTIC 5 



ICHIRO SHIMADA 

Abstract. Let X be a supersingular K3 surface in characteristic 5 with Artin 
invariant 1, which is unique up to isomorphisms. Then X has a polarization of 
degree 2 that realizes X as the double cover of the projective plane branching 
along the Fermat sextic curve. We present a list of polarizations of X with 
degree 2 whose intersection number with this Fermat sextic polarization is 
less than or equal to 5, and give the defining equations of the corresponding 
projective models. We also present a method to describe birational morphisms 
between these projective models explicitly. As a by-product, a non-projective 
automorphism of the Fermat sextic double plane is obtained. 



1. Introduction 

A K3 surface defined over an algebraically closed field is said to be supersingular 
(in the sense of Shioda) if its Neron-Severi lattice is of rank 22. Supersingular 
K3 surfaces exist only in positive characteristics. Let Y be a supersingular K3 
surface in characteristic p > 0. Artin |3 showed that the discriminant of the 
Neron-Severi lattice NS(K) is written as — p 2<T , where a is an integer such that 
1 < a < 10. This integer a in called the Artin invariant of Y. It is proved 
in [1211131 [T5] that, for each prime p, a supersingular KZ surface with Artin invariant 
1 in characteristic p exists and is unique up to isomorphisms. Several detailed study 
of supersingular K3 surfaces with Artin invariant 1 in small characteristics have 
appeared recently (see [5} \7\ l8| [TO] ) . 

The purpose of this paper is to investigate projective models of degree 2 of the 
supersingular K3 surface X with Artin invariant 1 in characteristic 5. It is well- 
known that the Fermat sextic double plane in characteristic 5 is isomorphic to 
X . Starting from this projective model, we obtain many other projective models of 
degree 2, and describe birational morphisms between them. Each of these projective 
models exhibits an interesting geometry with peculiarity in characteristic 5. 

Our method is purely computational, and can be easily adapted to the study of 
any K3 surface in arbitrary characteristic, provided that a set of generators of the 
Neron-Severi lattice is explicitly given. 



2000 Mathematics Subject Classification. 14J28, 14G17. 

Partially supported by JSPS Grants-in-Aid for Scientific Research (B) No.20340002 

1 



2 



ICHIRO SHIMADA 



We fix terminologies and explain our motivation. Let Y be a K3 surface defined 
over an algebraically closed field of arbitrary characteristic. Let ( , )ns denote 
the intersection form of the Neron-Severi lattice NS(Y) of Y. Note that NS(Y) 
is identified with the Picard group of Y. For a vector v £ NS(Y), we denote by 
C v — > X the corresponding line bundle. Let d be an even positive integer. We say 
that a vector ft € NS(Y) is a polarization of degree d if (ft, /i)ns is equal to d and the 
complete linear system \Ch\ is non-empty and has no fixed-components. Let ft be a 
polarization of degree d. Then \Ch\ is base-point free by Corollary 3.2 of [16], and 
hence defines a morphism $^ from 7 to a projective space of dimension 1 + d/2. 
We denote by 

Y Y h ^> p 1+d / 2 

the Stein factorization of By [1] [2], the normal surface Yh has only rational 
double points as its singularities, and 4'h is a contraction of an ADE'-configuration 
of smooth rational curves. We say that iph '■ Yh — > P 1+d / 2 is the projective model of 
Y corresponding to the polarization ft. We put 

Vd{Y) := { ft € NS(Y) | ft is a polarization of degree d}. 

The automorphism group Aut(Y) of Y acts on ^(Y). For ft, ft' € Vd(Y), we 
say that ft and ft' are protectively equivalent and write ft ~ ft' if there exist an 
isomorphism Yh ^> Yh> and a linear automorphism f 1 + d / 2 ^ pi+rf/2 ^.^^ jjjajjg ^ ne 
following diagram commutative: 

Y/j ^> pl+<i/2 

(1-1) |? |) 

Yh , ^ pl+d/2_ 

It is obvious that, if ft and b! are in the same Aut(Y)-orbit, then h ~ ft' holds. 
Conversely, if ft ~ ft', then the isomorphism Y/j ^Y^/ in induces an automor- 
phism 7 of Y such that 7* (ft') = ft. Hence the equivalence classes of the relation 
~ are just the orbits of the action of Aut(Y) on Vd{Y)- Let Aut(Y, ft) denote the 
stabilizer subgroup of ft. Then Aut(Y, ft) is the projective automorphism group of 
the projective model iph ■ Yh — > P 1+d / 2 . It is usually easy to determine Aut(Y, ft). 
Hence it is important to study the equivalence classes of the relation ~ for the study 
of Aut(Y). Moreover, to obtain an element of Aut(Y) not contained in Aut(Y, ft), 
we need to write the isomorphism Yh Yh> in (jl.lj) explicitly. 

We concentrate upon the supersingular K3 surface X with Artin invariant 1 in 
characteristic 5. It is known that X has a projective model ipF ■ Xp — > P 2 of degree 
2, where Xp is defined by 

(1.2) Xp := {w 2 =x 6 +y 6 + z 6 } C P(3, 1, 1, 1) 
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in the weighted projective space P(3, 1,1,1) equipped with homogeneous coordi- 
nates [w : x : y : z] of weights 3, 1, 1, 1, and ip F is given by [w : x : y : z] >->• [x : y : z\. 
Then ipp is the double covering of P 2 branching along the Fermat sextic curve 

Bp :x 6 +y e + z 6 = 0. 

We denote by hp € NS(A) a polarization of the projective model ipp : Xp — > P 2 , 
and by 



$ F : X ^ X F 




the Stein factorization of the morphism given by \Ch F |. Note that <j)p : X — ¥ Xp is 
an isomorphism. The projective automorphism group Aut(A, hp) is an extension 
of the projective automorphism group PGU3(F 2 5) of the plane curve Bp C P 2 by 
Gal(A F /P 2 ) = Z/2Z. In particular, the order of kut{X,h F ) is 756,000. Using 
this projective model ipp : Xp — > P 2 , we obtain a set of generators of NS(A) (see 
Section [2|). It turns out that NS(A) is generated by the numerical equivalence 
classes of curves on Xp defined over F25. As an easy consequence, we obtain the 
following: 

Proposition 1.1. Every projective model of X is protectively equivalent to a pro- 
jective model defined over F25 . 

Moreover, the Frobenius action of Gal(F2s/F5) on Xp induces an action of 
Gal(F25/F5) on NS(X), which we denote by v h-> v. Note that, if h is a polar- 
ization, then so is h. Note also that, if h ~ h' holds for polarizations h and h', then 
h ~ h' holds. Hence Gal(F25/Fs) acts on the set of Aut(A)-orbits in Vd{X). 

We will study the polarizations of degree 2. For h E V2 (A), we denote by 
Bh C P 2 the branch curve of the double covering iph : Xh — > P 2 . A (—2)-curve 
on A is a smooth rational curve on A. We say that a (— 2)-curve C on A is In- 
exceptional if C is mapped to a point by the morphism $^ : A — > P 2 . A (— 2)-curve 
C on A is said to be an h-line if $^ maps C to a line on P 2 isomorphically. A line 
I on P 2 is said to be h-splitting if I is the image of an /i-line by <&h- In other words, 
a line I C P 2 is /i-splitting if and only if either I is an irreducible component of Bh, 
or I (t Bh and the intersection multiplicity at each point of I D Bh is even. 

We consider neighborhoods 

B r :={veNS{X) I (v,h F ) NS <r} 

of hp in NS(A). Since hp = hp, Aut(A, h F ) and Gal(F25/Fs) act on B r , and hence 
on 7^2 (A) n B r - By computer-aided investigation of the vectors in 7^2 (A) n B5, we 
have obtained the following results: 

Theorem 1.2. For each h e Vi{X~) n B5, the lattice NS(A) is generated by the 
classes of h- exceptional curves and h-lines. 
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Theorem 1.3. The set V2(X) C\ B5 consists of 146, 945, 851 vectors, and they are 
decomposed into the equivalence classes £0, ■ ■ ■ , £ga under the relation ~. The details 
of these equivalence classes are described in Section [JJ 

We explain the items of the table in Section [3] 

• £i — £j means that £i is equal to the image of £j under the action of 
Gal(F25/Fs) on V2{X) n B$ denned above. In particular, £. L — £1 means 
that £i is self-conjugate, while £j = £i+\ means that £i is not self-conjugate, 
that the items RT, |aut|, spl, N and stabs explained below are the same for 
£i and £%+i, and that the defining equation of Bh for £t+i is obtained from 
that for £i by changing the sign of \[2. 

• RT denotes the ADE-type of the singular points of Bh- Observe that Bh is 
singular except for the polarizations in £0, and that only nodes and cusps 
appear on Bh for any h £ V 2 {X) D B5. 

• |aut| denotes the order of the projective automorphism group of the plane 
curve Bh C P 2 . Hence the order of Aut(X, h) is equal to 2 |aut|. 

• spl is the numbers of /i-splitting lines. It turns out that Bh does not contain 
a line for any h £ Vz{X) C\B 5 . We denote by s a ^ the number of /i-splitting 
lines that pass through exactly a cusps of Bh and b nodes of Bh- Then spl 
is the list [s 3i0 , s 2 ,i, s 1<2 , s 0<3 , s 2)0 , s , 2 , s li0 > s ,i, s , ]- 

• N is the total number of the vectors in £i C V2(X) D B$. 

• stabs describe the orbit decomposition of £j by the action of Aut(X, hp)- 
For example, the list [3, 12]^, [1, 1, 1, 1, 1, 1, 2, 2] 5 in £\ — £\ means that 
Aut(X, hp) decomposes {h € £\ \ (h, /if)ns = 4} into two orbits with the 
stabilizer subgroups of order 3 and 12, and {h G £\ \ (h, /if)ns = 5} into 
eight orbits with the stabilizer subgroups of order 1,1,1,1,1,1,2 and 2. 

• h is a sample clement of £ j written in a row vector with respect to the basis 
of NS(X) given in Section H 

• An affine defining equation of the branch curve Bh with coefficients in F25 
is given in the framed box. 

In fact, we establish a method to write the birational morphism (f>h '■ X Xh 
explicitly as a list of rational functions on X = Xp for any h E Vi{X). Applying 
this method to a polarization h £ £ with (/if, /i)ns — 4, we obtain the following: 

Theorem 1.4. Let (w,x,y) be the affine coordinates 0/ P(3, 1,1,1) with z = 1 
in (|1.2[) . Then the rational map g : Xp —¥ P(3, 1,1,1) given by 

(w, x, y) [u(w, x, y) : £ (w, x, y) : ^(w, x, y) : x, y)], 

where w,^0j^1j^2 o,re the polynomials presented in Table [7T71 induces an automor- 
phism of Xp with order 2 such that (hp, 3*/if)ns = 4. In particular, this automor- 
phism g is not contained in Aut(X, hp). 
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In this table, a + b\/2 G F25 with < a, b < 5 is denoted by ab. 
u :— wf w + h w , where 

f u ■= Wx 12 + 23x 11 y + 21x w y 2 + 02x 9 y 3 + Tlx 8 y 4 + 33x 7 y 5 + 22x 6 y e + 40x 5 y 7 + 14x 4 y 8 + 
13x 2 y 10 + 12xy 11 + 24y 12 + 22a; 11 + fix 10 y + 44a; V + 42x s y 3 + 44a: V + 31a: V + 40a: V + 
24x 4 y 7 + 41x 3 y 8 + 24x 2 y 9 + 24xy 10 + 33y J1 + 03a; 10 + Wx 9 y + 43a; V + 43x 7 y 3 + 34a: V + 
20a; V + 21x 3 y 7 + 30x 2 y 8 + Wxy 9 + 24y 10 + 34a; 9 + 23x 8 y + 02a; V + 10a; 6 j/ 3 + 14a: V + 
3lxV+2~3a:V+0~3xV+2~3xy 8 +2~2y 9 +20^ 

22xy 7 + 42y 8 + 33x 7 + 12x 6 y + 20a: V + Ola; V + 44x 3 y 4 + 13a; 2 y 5 + 3~lxy 6 + 02y 7 + 30a; 6 + 
3~lx 6 y +3~3x 4 y 2 +2~3x 3 y 3 + 31x 2 y 4 + 41xy 5 + 31y 6 +40x 5 + 32x 4 y + 24x 3 y 2 + 12x 2 y 3 + 44xy 4 + 
13y 5 + 14x 3 y + 34x 2 y 2 + 30y 4 + Six 3 + 30x 2 y + 41xy 2 + 43y 3 + 42x 2 + 40xy + 23y 2 + 03x + Q2y, 
and 

h w := Wx 15 + 23x 14 y + 21x 13 y 2 + 02x 12 y 3 + Tlx 11 y 4 + 33x 10 y 5 + 02x 9 y 6 + 04x 8 y 7 + 22x 7 y 8 + 
lla; V +24a; V° + 20a; V 1 + f2a: V 2 

42a; 1 V + 44x 10 y 4 + 31x 9 y 5 + 01x 8 y 6 + 02a; V + 22x 6 y 8 + 20a;'V + 03a; 4 y 10 + 03a;V 1 + 
10a; V 2 + 2la:y 13 + 4ly 14 + 03a; 13 + lto^ 
40a;V + 22a:V + 20:rV + 24a:V ^^ 

10a: V + 14a: V + 31x 7 y 5 + Wx 6 y 6 + 6lx 5 y 7 + 44x 4 y 8 + 20x 2 y 10 + 43a; J y 11 + 41 y 12 + 20a; 11 + 
23a; 10 y + 32x 9 y 2 + 44x 8 y 3 + 01x 6 y 5 + 42x 5 y 6 + 22a; V + 33x 3 y 8 + 43a: V + 02xy 10 + fly 11 + 
33a; 10 + 12x 9 y + 20a: V + 01a: V + 22a: V + 40x 5 y 5 + 41a; V + 2~3a:V + 30a; 2 y 8 + 20xy 9 + 
04y 10 + Wx 9 + 40x 8 y + 41a: V + 24x 6 y 3 + 42x 5 y 4 + 33a; V + 42x 3 y 6 + 02x 2 y 7 + 22xy 8 + 
13y 9 + Ola: 8 + 10x 7 y + 14a; V + 23a: V + 43x 4 y 4 + 43x 3 y 5 + 6lx 2 y 6 + 20xy 7 + 44y 8 + 04a; 7 + 
Tlx e y + 03x 5 y 2 + \2x 4 y 3 + 44x 3 y 4 + 30x 2 y 5 + 22xy i + 20y 7 + 03a; 6 + 22a; 4 y 2 + 41x 3 y 3 + 
22x 2 y 4 + 14xy 5 + 12j/ 6 + 32a; 5 + fla; 4 y + 30a; 3 y 2 + 02a; 2 2y 3 + 22xy 4 + 21y 5 + 04x 4 + 22x 3 y + 
10x 2 y 2 + 04xy 3 + 13y 4 + 13a: 3 + 32x 2 y + 31xy 2 + 32y 3 + 03a; 2 + 42xy + 44y 2 + 43x + 43y. 

Co := wfo + h , where 

fa := 40x 2 + Uxy + ily 2 + Tlx + 13y + 31, and 

h := 40a; 5 + 14a; 4 y + 4~lx 3 y 2 + 12xy 4 + 30y 5 + Tlx 4 + 13x 3 y + 3~4xy 3 + 03y 4 + 3"lx 3 + 
04xy 2 + 22y 3 + YXy 2 + 34x + 34y + 43. 

Ci := wfi + hi, where 

/i := TOxy + Uy 2 + 2~0y + 21, and 

/ii := 10a: 4 y + 4~4x 3 y 2 + 12x 2 y 3 + 12xy 4 + l~2y 5 + 20a; 3 y + 42x 2 y 2 + 32y i + 2~lx 3 + 
03x 2 y + 02xy 2 + 33y 3 + 24x 2 + 4~3xy + 44y 2 + 2"la; + 43y + 01. 

^2 := wf 2 + h 2l where 

f 2 := 42y 2 + lOx + 40y + 0% and 

h 2 := 42x 3 y 2 + 04x 2 y 3 + Uxy 4 + Uy 5 + I0x 4 + 4~0x 3 y + 43x 2 y 2 + 04y 4 + Ola; 3 + 
34a; 2 y + Wxy 2 + 04y 3 + 03a; 2 + 4"la:y + 32y 2 + 33a; + 0"2y + 0"2. 



Table 1.1. The non-projective automorphism g of Xp 
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Since the vectors h £ £ o with (fiF, ^)ns = 4 constitute a single Aut(X, ft._F)-orbit, 
we obtain the following: 

Corollary 1.5. Let Of C NS(A) denote the Aut(X)-orbit containing hp, which 
is identified with the set of Aut(A, hp) -cosets in Aut(X), and let T be the subset 
of Of consisting of h € Of such that there exists a sequence ho := hp, hi, 
/iat_i, h ]v := h of vectors in Of with (hi—i, /ij)ns = 4 for i = 1, . . . , N . Then the 
subgroup of Aut (X) generated by Aut(A, hp) and the involution g in Theorem \l.J\ 
is equal to the inverse image of J- by the natural map Aut(X) — > Of- D 

We hope that, by extending the range of search for polarizations h with h ~ hp, 
we can find a full set of generators of Aut(X). To determine the necessary range 
of the search, we will use the arguments of Kondo and Dolgachev [9l [5] . We have 
already conducted a preliminary investigation of a larger neighborhood Bq. A non- 
exhaustive computation shows that 7^2 (A) n Bq contains at least 4 x 10 9 vectors. 
To deal with these polarizations, we need faster computer programs. 

The study of singularities of sextic double plane models of complex A3 surfaces 
using lattice theory and computer-aided calculation was initiated by Urabe [21] 
and Yang [22 . The idea of /i-splitting lines was used in [20] for the classification 
of Zariski pairs of simple sextic curves. On the other hand, in [18] and [19], sextic 
double plane models of supersingular A3 surfaces were studied by lattice theory. 
A shortcoming of the method in these works is that it gives only combinatorial 
data of the singularities of the projective models, and does not yield their defining 
equations explicitly. 

The new devices in this article are the following: (i) Using the ample class 
hp £ NS(A), we can determine whether a given vector v £ NS(A) is nef or not 
(see Section|4]). (ii) The fact that the classes of /i^-lines span NS(X) enables us to 
calculate the equation of Xh explicitly and algorithmically. (iii) To deal with the 
large number of polarizations, we decompose them into the Aut(A, hp )-orbits and 
calculate the projective model only for a representative polarization of each orbit. 

This paper is organized as follows. In Section [3J we give a set of hp-\mes whose 
classes form a basis of NS(A). In Section [3l we present algorithms that can be 
applied to lattices in general. In Section HJ we apply them to NS(A) and describe 
algorithms to calculate geometric data of X. In Section [SJ we explain how to cal- 
culate the morphisms 4>h ■ X — > Xh and iph : Xh — > P 2 for a given polarization 
h £ 7^2 (A). In Sections [6] and [7] the computation we carried out to prove Theo- 
rems [Ql [T73] and [131 are explained in detail. Section [8] is for the list of projective 
models. In the last section, we give examples of double plane models of X obtained 
by another method that has stemmed from |14j . 
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Notation. (1) A lattice is a free Z-module L of finite rank with a non-degenerate 
symmetric bilinear form ( , )l ' L X L — > Z. We use the same notation ( , )l to 
denote the induced bilinear forms on L <E) Q and L ® 1R. 

(2) The transpose of a matrix Mora vector v is denoted by *M or t v. 

(3) The numerical equivalence class of a divisor Z? on X is denoted by [D] £ 
NS(X). The intersection number of divisors D and D' is written as (£>, -D')ns- 

2. The Neron-Severi lattice of X 

Recall that Bf C P 2 is the Fermat curve of degree 6 in characteristic 5, which 
is the branch curve of the projective model tpF ■ Xp — > P 2 corresponding to the 
polarization hp £ NS(X) of degree 2. We denote by Bp(¥ 2 5) the set of F 2 5-rational 
points of Bp. It is known that | Bp (¥25) | = 126. 

Let I be a line on P 2 . Since Bp is the Hermitian curve over F25, either one of 
the following holds (see [T7] or Chapter 23 of [B]): 

(1) I intersects Bf at distinct 6 points. 

(2) I is tangent to Bp at a point [a : b : c] ^ -Bf (F25) with intersection multi- 
plicity 5, and intersects Bp at the point [a 25 : b 25 : c 25 ] transversely. 

(3) I is tangent to Bp at an F25-rational point P :— [a : b : c] of Bp with 
intersection multiplicity 6. 

In the case (3), the inverse image of I by the double covering §p : X —> P 2 
decomposes into two /i^Tines £ + (P) and £~(P) such that 

(£+(p),r(p)) NS = 3. 

In the cases (1) and (2), the line I is not /i^-splitting. Hence all hp-\mcs on X are 
obtained as £ (P) with P E Bp(¥25)- In particular, the number of hp-\mcs on X 
is 252. We put 

P := [0 : 1 : 1 + V2] G B F (¥ 25 ) and £+(P ) := {x 3 - w = 0, y + (1 - V2)z = 0}. 

For P e Z?f(P25) \ {Po}: we choose the sign of ^ ± (P) in such a way that 

(£ + (P),£ + (P )hs = 1 (and hence (r (P)^+(P )) NS = 0). 

From among these ft-F-hnes, we choose the 22 curves £1, . . . ,£22 in Table |2~T1 Then 
their intersection matrix Mns is calculated as in Table [2~2l Since detMNS = —25, 
the classes of , £22 form a Z-basis of NS(X). We fix this basis throughout the 

paper. Each element of NS(X) is written as a row vector with respect to this basis. 
In particular, the orthogonal group 0(NS(X)) of the lattice NS(X) acts on NSpf) 
from right. Since hp = [£ + {P)] + [l~(P)] for any P G B F (¥ 25 ), we have 

(2.1) hp = [1,1,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0]. 

We calculate the vector representations of the classes of all /iF-lines. 
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= e+({0: 


1 : 1 + V2\) 


£2 : 


= £-([0: 


1 : l + x/2]) 


h ■ 


= £+([0: 
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Table 2.1. The basis of NS(X) 
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Table 2.2. The matrix M NS 
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Example 2.1. The class of the hp-line £-([1 : 4 + 4-\/2 : 0]) is 



[-4,-6,3,1,1,2,1,-1,2,1,1,4,1,0,-3,0, 



2,-1,3,-1,-2,-3]. 



From the action of PGUa^s) on the set Bp (F25), we can calculate the action 
of Aut(X, hp) on the set of /i^-lines. Using this permutation representation, we 
can write explicitly the linear representation 



(2.2) Aut(X,h F ) -> {Te GL 22 (Z) | TM^s t T = Mns } — 0(NS(X)). 



This representation is faithful. 

Remark 2.2. The representation (|2.2j) is stored in the computer by the follow- 
ing method. We put indices to the /i^-lines as £1, . . . ,^22,^23, • ■ • ,^252 once and 
for all. Then each 7 <G Aut(X, hp) is labelled by a list of 22 integers n 7 = 
[n 7 (l), . . . , n 7 (22)] in such a way that 



holds, where £] is the image of £j by 7. Then the action of 7 on NS(A) is given 
by v 1 — ^ wT^, where T 7 is the 22 x 22 matrix whose i-th row vector is [£ n m]. Thus 
it is enough to put the row vectors [£i], . . . , [^252] and the 756, 000 lists n 7 in the 
memory. We can test the data by checking the equality T 7 M NS *T 7 = Af N g for each 
7 € Aut(X, h F ). 

The Galois group Gal(F25/Fs) also acts on the set of /i^-lincs by the Frobenius 
action on Xp. The matrix Tns in Table [2~31 represents this Frobenius conjugate 
action v v = vT^s on NS(X). 

In Remark 12. 2[ we have indexed the /iF-hnes. For an hp-line £j, let f denote 
the index of the /i^-line £f that is the image of £j by the deck-transformation of 
the double covering Qp : X — >• P 2 . We calculate the permutation j j' , and store 
it in the computer memory. 



3.1. An algorithm for a positive quadratic triple. By a quadratic triple of 
n- variables, we mean a triple [Q,L,c], where Q is an n x n symmetric matrix 
with entries in Q, L is a column vector of length n with entries in Q, and c is a 
rational number. An clement of R n is written as a row vector x = [x±, . . . , x n ]. Let 
QT = [Q, L, c] be a quadratic triple. The inhomogeneous quadratic function 



[£J, . . . ,£22] — [^n 7 (l)> • ■ • ) 




3. Algorithms for lattices 



associated with QT is defined by 



qQx(x) :— xQ l x + 2x L + c. 
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Table 2.3. The matrix T N s 



We say that a quadratic triple QT = [Q, L, c] and its inhomogeneous quadratic 
function qQT are positive or negative according to whether the symmetric matrix 
Q is positive-definite or negative-definite, respectively. 

Let QT = [Q,L,c] be a positive quadratic triple of n- variables with n > 1. In 
this section, we present an algorithm to calculate the finite set 

E(QT) :={xeZ n | q QT (x) <0}. 

Suppose that QT = [Q, L, c] is written as follows: 













y " 








" to" " 


Q = 


Q' 


p' 




p" 


Q" 




L' 




L" 




y 


r' 










to' 
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where Q' and Q" are square matrices of size n — 1, p', p", L' and L" are column 
vectors of length n— 1, and r', r", m' and m" are rational numbers. Note that, since 
Q is positive-definite, we have r' > and r" > 0. We define a positive quadratic 
triple pr(QT) of (n — l)-variables by 



MQT) 



1 / It /i r/ m ' / m ' 2 

Q --(P P), L'-—p', c r 



Then, for each tgR, the compact subset {x e K™ <1qt{x) < *} of R" is mapped 
by the projection [x\, . . . , x n ] i-> [ari, . . . , x„_i] to the compact subset 

{yeM"- 1 | v«jr)(y) <t] 

of R n_1 . For a e Q, we define a positive quadratic triple t*(a,QT) of (n — 1)- 
variables by 

L*(a,QT) := [ Q", ap" + L", a 2 r" + 2am" + c ], 

and, for o = [ai, . . . , a m ] e Q m with m < n, we define a positive quadratic triple 
t*{a, QT) of (n — m)-variables by 

QT° := QT, QT V+1 := L*{a v+U QT V ) (i/ = 0, . . . ,m - 1), L*(a,QT) := QT m . 
Then the positive inhomogeneous quadratic function 

1i'(a,QT) ■ Q"~ m -> Q 

is equal to the composite oqt ° to, where i a is the inclusion Q"~ m ^ Q" given by 

[yi, . . . ,y n - m ] !-> [ai,...,a m ,j/i,...,y„_ m ]. 

Suppose that an element a = [ai, . . . , a n -i] of E(j>r(QT)) is given. The positive 
quadratic triple t* (a, QT) is of one variable, and hence we can regard elements of 
E(t*(a, QT)) as integers. The fiber of the projection E{QT) -> E(pr(QT)) over a 
is equal to 

{[ai,...,a„_i,6] | be E(i*(a,QT))}. 
Since the set E(i*(a,QT)) is easily calculated, we can obtain E(QT) if we know 
E(pr(QT)). Using this idea iteratively, we carry out the following computation. 

Starting from the given positive quadratic triple QT° n := QT of n-variables, we 
compute positive quadratic triples of ^-variables by 

QT° := P r(QT£ +1 ) ( M = n - 1, . . . , 1). 

We prepare an empty set E := { }. We then write a program Q(z/, a) that takes 
an integer v < n + 1 and a vector a = [a\, . . . , a v -i] G Z" -1 as input, and carries 
out the task below. Note that, when Q(u, a) starts with v > 1, a is an element of 
£(QT°_i), and for /i > z/- 1, QT 1 ^ 1 is the positive quadratic triple t*(a,QT°) of 
(/x — i/ + l)-variables. In particular, QT^ 1 is of one variable. 

The task of Q(v, a): 
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(1) If v = n + 1, then Q(v : a) appends a to the set E. 

(2) If v < n, then the program Q(v, a) 

(2-i) calculates the set E(QT v l T' 1 ) = {bx, . . . , b N }, and 
(2-ii) for each b t <= E(QT V 1 T' 1 ) 1 

(2-ii-a) computes QT^ := i*(&i, QT^ 1 ) for (tx = i/ + 1, . . . , n, and 
(2-ii-b) proceeds to execute Q{v + 1, [ai, . . . , a„_i, &*]). 
We execute Q(l, [ ]). Since each E(QT'^~ 1 ) is finite, this program certainly termi- 
nates. When the whole computation halts, the set E is equal to E(QT). 

3.2. An application to hyperbolic lattices I. Changing the sign, we can apply 
the algorithm of the previous subsection to negative inhomogeneous quadratic func- 
tions. Since the Neron-Severi lattices of smooth algebraic surfaces are hyperbolic, 
we will use the algorithm in this way. 

Let N be a lattice of rank n. Suppose that N is hyperbolic, that is, the signature 
of ( , )jy is (l,n — 1). Let {[vi, aj | i = 1, . . . , k} be a finite set of pairs of Vi £ N 
and cij £ 1 such that 

(3.1) (Vi,Vi)N > for at least one i, 
and let d be an integer. We can calculate the set 

(3.2) { x £ N | (x, Vi)N = a, for i = 1, . . . , k, and (x,x)n — d } 
by the following method. We put 

M := {x e N | (x,Vi) N = for i = l,...,k}, 
M := { x £ N | [x, Vi)pf — cii for i — 1, . . . , k }. 

It is easy to obtain a basis bi, . . . , b r of the Z-submodule Mq of N. It is also easy 
to determine whether M is empty or not, and, in the case M ^ 0, we can find 
an element c £ M. Suppose that M / I. Then we identify M with Z r by the 
affinc-linear isomorphism 



from 17 to M. By the assumption (|3.1[) . the restriction of ( , )jv to M C N defines 
a negative inhomogeneous quadratic function qjr : U' — > Z. Therefore we can 
calculate the set {x £ V \ qp- (x) = d} by the algorithm in Section 13. 1[ and hence 
the set (|3.2p is computed. 

3.3. An application to hyperbolic lattices II. Let N be the hyperbolic lattice 
in the previous subsection. Suppose that we are given vectors h, v £ N satisfying 



{xi, . . . , 



x r ) i— ¥ c + x\bi + ■ • • + x r b r 



(3.3) 



(h, h) N > 0, (v, v) N > 0, (h, v) N > 0. 



We describe an algorithm that calculates, for a given integer d, the set 



(3.4) 



S := {r £ N | (r,h) N >0, (r 7 v) N <0, {r,r) N = d}. 
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Consider the orthogonal direct-sum decomposition 

N®R = {h)® (h)^. 
We denote the second projection by 

pr 2 : N®R^ (h)^, 

and put 

:=pr 2 (iV), 

which is a free Z-module of rank n — 1 such that W <£> K = (ft) . Note that 
W C N ® Q. We denote by 

( , ) w : VFx 

the restriction of ( , )jv to W . Suppose that i: € iV®l satisfies (ft, x)n and 
(x,x)at > 0. Then the composite 

(3.5) (x) 1 - ^N®R ^ (h) 1 - 

is an isomorphism of K- vector spaces. Let 

^ : (ft) x ^ (x) X 
denote the inverse of the isomorphism (|3.5I) . that is, 

<P*(v)=V-%T$rh for jGiA} 1 . 
{n,x)N 



We then define / a : (h) 1 - -> WL by 



f x (y) :={^ x {y)^x{y))N = {y,y)w + ^- J ^ r (h,h) N for 2/ e</i> x = W®R. 

( n, x) N 

Note that, since (x,x)n > 0, the real quadratic form ( , )n restricted to (x) 1 - is 
negative-definite, and hence so is f x . By the condition (|3.3j) . we see that fh+tv 
is negative-definite on W ® M for any f G R>o U {oo}. (Here we understand that 

fh+oov fv-J 

For simplicity, we put 

c h := (ft, h) N , c v := (ft, % := pr 2 (u) G W. 

Let x' be a vector in (ft) = W ® R. Since v — ujy € (ft), we have 

mm /• / /\ i I l\ , t 2 (x',Vw)\v„ 

(3.6) Jh+tv{x ) = (x ,X )w + -: — s 2 c ft . 

By (|3.3I) . we have Ch/c v > 0, and hence, for a fixed x' G (h)^, fh+tv(x') is a 
non-decreasing function with respect to t € R>o bounded from above by 

^2 



fh+oov(X ) = [X ,X )w ~\ 5 — — < 
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Note that fh+oov restricted to W C W <g> R is Q-valued, and hence fh+oov is a 
negative inhomogeneous quadratic function on W (g> Q- Applying the algorithm in 
Section 13.11 to fh+oov , we can calculate the finite set 

S W -={r'eW | A+oc^r') >d}, 

where d is the integer given as input. 

Suppose that r is an element of the set S in (|3 .4[) . We put 



t r :— — -r-^ — r — £ R>o- 

Then we have r G (ft + V 1 *)" 1 - We put r' := pr 2 (r) £ W. Since ip h+trV {r') = r, we 
have 

d = (r,r) N = fh+t r v(r') < fh+<x>v(r')- 
Therefore r' £ Sw holds. Let p £ Q be the rational number such that r = ph + r' . 
Since (r, r)w = d, (r' ,H)n = and (r, ft)jy > 0, we have 



(3.7) p= (r,h) N = d-(r',r') w ^ 

Ch V Qi 

The right-hand side of (13.71) can be calculated if we know r' £ W . 

Therefore we obtain S from Sw by the following method. First we set S = { }. 
For each r' £ Sw, we put 




(r',r') w 



and r := p'h + r' £ N i 



We then determine whether r is contained in TV or not. (If p' £ Q, then we obviously 
have r ^ N.) Ifr £ N, (r,h)w > and (r, u)at < 0, we append r to S 1 . When this 
task is done for all r' £ Sw, the set S is equal to the set (|3.4I) . 

4. Geometric applications 

We apply the algorithms in the previous section to the hyperbolic lattice NS(Jf). 
The existence of the ample class hp £ NS(X) provides us with finite procedures to 
calculate various geometric data of projective models of X. 

4.1. Polarizations. If v £ NS(X) is a polarization, then we necessarily have 
(w,u)ns > and (v,h F ) NS > 0. 

Proposition 4.1. Suppose that a vector v £ NS(X) satisfies (v, i>)ns > and 
(v, /i.f)ns > 0. Tften v is a polarization if and only if the sets 

Sx := {r SNS(X) | (r,r) NS = -2, (r,ft F )NS >0, (r,u) NS <0} and 

5 2 := {eeNS(I) | (e,e) NS =0, {e,v) NS = l} 

are both empty. 
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Proof. First note that (v, w)ns > and (v, /if)ns > imply that v is effective. 

The condition Si = is equivalent to the condition that v be nef. Indeed, 
suppose that v is nef. If (r, r)iMs — ~2 and (r, /if)ns > 0, then r is effective and 
hence (r, u)ns > 0. Therefore Si = 0. Conversely, suppose that v is not nef. Then 
there exists an irreducible curve C such that (u, C)ns < 0. Since v is effective, we 
have |C| = {C}, and therefore (C, C) NS < 0. Thus C is a (-2)-curve and [C] G Si. 

Suppose that v is a polarization of degree d. Then v is nef and hence Si = 0. If 
e £ S2, then (e, c)ns = and (e, u)ns > imply that e is the class of a divisor _E 
such that dim \E\ > 0. Let M be a general member of the moving part \M\ of \E\. 
Then (e, w)ns = 1 implies that <f> v : X — > f> 1 + d / 2 maps M to a line isomorphically. 
Hence M is a (— 2)-curve, which is a contradiction. Therefore S2 = 0. 

Conversely, suppose that v is not a polarization and Si = 0. Since v is nef with 
(v,v)-ns > 0, we see from Proposition 0.1 of [II] that the complete linear system 
\C V \ is written as m\E\ + T, where m = 1 + (v, i;)ns/2, \E\ is an elliptic pencil, and 
T is a (-2)-curve such that (E,T) NS = 1. Then we have [E] <E S 2 . □ 

The sets Si and S2 can be calculated by the algorithms in Sections 13.31 and 13.21 
respectively. Hence Proposition 14. 1 1 enables us to determine whether a given vector 
v £ NS(X) is a polarization or not. 

4.2. /j-Exceptional curves. Let h G NS(X) be a polarization of arbitrary degree. 
A (— 2)-curve C on X is called h- exceptional if $/j contracts C. The set Exc(/i) C 
NS(X) of the classes of /i-exceptional curves is calculated by the following algorithm. 
We calculate the finite set 

R := { r G NS(X) | (r, r) NS = -2, (r, ft) NS = } 

by the algorithm in Section 13.21 and classify the elements of R by the degree with 
respect to the ample class hp as follows: 

R[m] :— {r G R \ {r,h F ) NS = m} and R + := [J R[m\. 

m>0 

We say that r £ ii + is indecomposable if there are no vectors r% , . . . , r*fc € i? + with 
A; > 1 such that r = ri+- • '+rfc. Since each R[m] is finite, we can determine whether 
a given vector r € i? + is indecomposable or not by comparing r with all vectors 
of the form T\ + • • • + rk, where r± £ R[mi], . . . , £ R[mk] and mi + • • ■ + — 
(r, /if)ns- It is obvious that Exc(/i) C R + . If r £ R + , then r is effective and every 
reduced irreducible component of the divisor D with r = [D] is /i-exceptional. 
Therefore r £ R + is contained in Exc(/i) if and only if r is an indecomposable 
element of R + . 

4.3. /i-Lines. Let /i £ NS(X) be a polarization of arbitrary degree. A (— 2)-curve 
C on X is called an h-line if $^ maps C to a line isomorphically. The set L'm(h) C 
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NS(X) of the classes of /i-lines is calculated by the following algorithm. We calculate 
the finite set 

L := { r e NS(X) | (r, r) NS = -2, (r, fr) NS = 1 }, 

and put 

L[m] :={r£L \ {r,h F ) NS = m}, L+ := {J L[m]. 

m>0 

It is obvious that L'm(h) c L + . If r G L + , then we see that r is the class of 
an effective divisor D, that exactly one irreducible component Dq of D is an h- 
line, and that D — Dq is a finite sum of ^.-exceptional curves. Hence r € L + is 
contained in Lin(/i) if and only if there are no r' £ L[m'] with m' < (r, /if)ns and 
. . . ,rjt € Exc(/i) with fe > 1 such that r = r' + T\ + ■ ■ ■ + TV Since each of L[m'] 
and Exc(/i) are finite, we can determine the subset Lin(/i) C L + . 

4.4. /ii?-Conics. We say that a (— 2)-curve C on X is an hp-conic if <I>i? : X — > P 2 
maps C to a smooth conic isomorphically. The set Con(hp) C NS(X) of the classes 
of /ii?-conics are calculated as follows. We calculate the finite set 

T := { r e NS(X) | (r, r) NS = -2, (r, Mns = 2 }. 

It turns out that \T\ = 22,050. It is obvious that Con(hp) c T. Suppose that 
r G T, and let Z? be an effective divisor such that r = [D]. Since Bp is smooth, 
cither one of the following holds: 

(a) D is an /ip-conic, or 

(b) D is a union of /ip-lincs £ and £' that intersect at one point. 
We have calculated Lm(hp) in Section [2] Therefore we can calculate 

Con(M =T\{[£] + [£'} | [£], [£'} e Lin(/i F ), (^Onb = 1 }• 

It turns out that |Con(/i^ )| = 6, 300. By means of the representation (|2.2p . we see 
that Aut(X, hp) acts on Con(hp) transitively. 

Definition 4.2. We say that a smooth conic T C P 2 is totally tangent to Bp if T 
is tangent to Bp at distinct 6 points. 

Using a result of B. Segre (n. 81 of [17] ) , which holds for any Hermitian curves, 
we see that there exist exactly 3, 150 conies totally tangent to Bp. If T C P 2 is a 
conic totally tangent to Bp, then <I>^ 1 (r) is a union of two /iF-conics r + and T~ . 
Combining these results, we obtain the following: 

Proposition 4.3. The set Con(hp) consists of [T^], where T are conies totally 
tangent to Bp. □ 

Example 4.4. The image fg of the map P 1 «-> Xp C P(3, 1, 1, 1) given by 
t h-> [w : x : y : z\ = [2 (t 5 - t) : 2 V2 1 : 4 V2 + U + V2) t 2 : 2 + 4 V2 + t 2 } 
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is an hp -conic. Calculating the intersection number of Fq with the /iF-lines 
£i,. ..,£22, we see that 

[f+] = [-1,-2,1,1,1,1,0,1,0,0,0,0,0,-1,0,1,-1,0,1,0,0,0]. 

Moving and [T^] by Aut(X, hp), we obtain the parametric representations of 
all /i^-conics f ± and their classes [f ,± ]. 

Remark 4.5. We can calculate the irreducible decomposition of Bh from NS(X) and 
h by the algorithm given in [23] and [3D]. We did not carry out this computation, 
because the irreducible decomposition can be obtained from the explicit defining 
equation of Bh computed by the method in the next section. 

5. Explicit defining equations 

We identify X with Xp by the isomorphism <\>p : X ^> Xp, so that, for a 
polarization h of degree 2, we consider : X — > P 2 and <f>h ■ X — > Xh as morphisms 
from Xp. In this section, we explain a method to write the morphisms <&h and iph 
as lists of rational functions on Xp over F25, and to find the defining equation 

w 2 = s h (x,y,z) 

of the projective model i\>h : X) x — » P 2 . 

5.1. The global sections of a line bundle. Let C Xp denote the hyper- 
plane section defined by z = in (|1.2[) . We use the affine coordinates (w,x,y) of 
P(3, 1, 1, 1) with 2 = 1, and put 

F := w 2 - x 6 - y 6 - 1 e F 25 [u;, x, y]. 

For any g £ ¥25[w, x, y], there exists a unique polynomial g F of the form wf + h 
with /, h € F 2 5[cc, y] such that 

9 = 9 F mod (F) in F 25 [w, a;, y). 

We call g F the normal form of 5, which is obtained from g by replacing w 2 with 
x 6 + y 6 + 1. Let to be an integer. By identifying the line bundle C m h F — > X with 
the invertible sheaf Ox F (mHoo), the vector space T(X, C m h F ) of the global sections 
of C m h F defined over F25 is naturally identified with the vector subspace 

V m := {wf + h \ f,h e¥ 25 [x,y], deg/<m-3, degh<m} 

of F25[w, x, y] consisting of the normal forms of weighted degree < to. Recall that 
all hp-lines are defined over F25, and that no /i^-lines are contained in i?oo. We 
have indexed the hp-\ines as l\, . . . ,l 2 52 in Remark 12.21 For j = 1, . . . , 252, we 
denote by 

Ij C ¥ 25 [w,x,y] 
the inhomogeneous ideal defining £j in P(3, 1,1,1), and put 

lf ] := I" + (F) C F 25 [^, x, y] for v G Z >0 . 
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Recall from Section [2] that j' is the index of the /iF-line £y that is the image of tj 
by the deck-transformation of Xf over P 2 . 

We explain an algorithm that takes a vector v £ NS(X) as input, and calculates 
the vector space T(X,C V ) of the global sections of the corresponding line bundle 
C v — > X defined over F25. Using the Z-basis [£i], . . . , [£22] of NS(X), v is uniquely 
written as 

ieJ+ je.J- 

whcrc J + and J~ are disjoint subsets of {1, . . . , 22}, and Oj, bj are positive integers. 
Since [£i] + [£i>] — hp for any i, we have 

v = d'(v)hp — ai[£i>] — bj[£j], where d'{v) := a%. 
Thus we have an expression 

(5.1) v = d(v)h F -Y c Atjl 

where d(v) is a non-negative integer, J is a subset of {1,...,252}, and Cj are 
positive integers. Then the vector space T(X,£ V ) is identified with the space of 
global sections of Ox F (d(v)Hoo) that vanish along £j with order Cj for each j E J, 
that is, 

(5.2) r(x,c v ) = v d{v) n f| ip\ 

where the intersections are taken in F2s[w, x, y\. From now on, we regard T(X,C V ) 
as a subspace of Vm v ) by (|5.2|) . 

Remark 5.1. The integer d(v) and the set J in (|5.1[) are not uniquely determined 
by v, because of the linear relations among [£j]. 

The vector space Vd( v ) has a basis 

m a := wM or N (a = 1, . . . , 2 + d(v) 2 ), 

where M and N are the monomials of x and y with deg M < d(v) — 3 and deg N < 
d(v). We calculate the Grdbner basis Gj of the ideal C F 2 s[w, x, y] for each 
j € J. (In the actual calculation, we used the graded reverse lexicographic order 
grevlex(w, x, y). See p. 56 of [4].) We then calculate the remainders m^ Gj of the 
monomials m a by these Grobner bases Gj. An element ^ a u a m a of Vm v \ with 
M a G F25 is contained in r(X, C v ) if and only if 

2_. u a m^ Gj — for each j e J. 

a 

These equalities constitute a system of linear equations with unknowns u a . Solving 
these equations, we obtain a basis of T(X,C V ) as a list of polynomials in V^ v y 
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Let A; be a positive integer. Then we can write the vector kv € NS(X) as 

kv := kd(v)hp — kcj[£j] 

using the same d(y) and J that appeared in (|5.1[) . Under this choice, the natural 
homomorphism 

T(X,£ v )® k ^T(X,L kv ) 
is given by restricting the linear homomorphism 

31 <g> • • • ® g k >-> gr TTT 9k F 

from7®* toV MM . 

5.2. The morphisms $/j and </>/j. We explain an algorithm that takes a vector 
/i € T , 2{X) as input, and calculates the morphisms 0^ and a defining equation 
of X h in P(3, 1,1,1). 

Let h £ NS(X) be a polarization of degree 2. Then we have 

dimT(X,C h ) = 3, dimT(X,£ 3h ) = ll, dimT(X, C eh ) = 38. 

We find an expression h = d(h)hp — X^ej c j[^] °f ^ m the form (|5.1j) . By the 
method described above, we obtain three polynomials 

€i(w,x, y) € Vd( ft ) (i = 0,1,2) 

that form a basis of T(X,Ch)- The rational map (w,x,y) i-> [£o : £i : £2] gives the 
morphism ^ : X F -> P 2 . 

Next we calculate eleven polynomials that form a basis of T(X, C^h) C VWm 
using the expression 3/i = 3d(h)hp — Y^jej 3cj[£j]. We compute the normal forms 

{hi' 4" e {0,1,2}) 

of the ten polynomials These normal forms are contained in T(X, C^h)- 

Then we find a polynomial u> € V$d(h) that is contained in T(X, £3/1), but is not 

F 

contained in the 10-dimensional subspace spanned by Cid'£.i" ■ The rational map 
(tu,a:,y)h+[w:6>:&:£2]eP(3,l,l,l) 

gives the morphism <ph : Xp — > X^. 

We then compute the 39 normal forms 
p p p 

, , &1&2---&6 (i,i',i",ii,...,i 6 € {0,1,2}), 

which are contained in T(X, £eh) C V6d(M- Since dimT(X, £6/i) = 38, there exists a 
non-trivial linear relation over F 2 5 among these 39 polynomials. Using homogeneous 
polynomials b(x, y, z) of degree 3 and c(x, y, z) of degree 6 with coefficients in F 2 5, 
we write this linear relation as 

(5.3) a W 2 + ^o,6,6)w + c(^o,ei,6) F = 0, 
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where a € F25. If a = 0, then the rational function u) on Xf would be invariant 

under the deck-transformation of Xp over P 2 , and hence u> would be written as a 

cubic polynomial of 6,6,6 in the integral domain F25[u>, x, y]/(F). Therefore we 

may assume that a — 1. We then replace uj by 

F 

u - 2 6(6,6,6) G V 3d ( h ), 

and calculate the homogeneous polynomial Sh(x,y,z) of degree 6 with coefficients 
in F 25 by 

s h (x, y, z) := - b(x, y, zf - c(x, y, z), 
so that the linear relation (|5.3p is now written as 

F F 

uj 2 = sft(6,6,6) ■ 

The projective model iph ■ Xh — > P 2 is defined by w 2 — Sh{x, y, z), and the branch 
curve Bh C P 2 is defined by Sh(x, y, z) = 0. 

Remark 5.2. The computational difficulty of this method grows rapidly as d{h) 
increases. 

5.3. The projective equivalence. Let F denote the algebraic closure of F25. 
For T e GL 3 (F), we denote by [T] E PGL 3 (F) the image of T by the natural 
homomorphism GL3(F) — » PGL3(F), and by P >->• pl r l the linear transformation 
of P 2 given by [a : b : c] M- [a : b : c]T. Let Mq denote the set of homogeneous 
polynomials of degree 6 in variables x, y, z with coefficients in F25. For / € H 6 £g) F, 
we put 

f T (x,y,z) := f(x',y',z'), where (x\ y', z) = (x, y, z) T^ 1 . 

If / = defines a curve CcP 2 , then f T = defines the image of the curve 
C by the projective linear transformation P i-> P^ . 

Let ft and ft' be elements of Vi(X). By definition, we have the following: 

(5.4) ft ~ ft' <*=^> there exist T € GL 3 (F) and c e F* such that s h / = cs[. 

The polynomials w, 6, 6, 6 giving 0h : Xp — > -X/j that arc obtained in the previous 
subsection are unique up to the following transformations: 

uj 1 y Alu, where A e F^, 
(6,6,6) (6,6, 6)T, where T g GL 3 (F 25 ). 

Under this transformation, the sextic polynomial Sh € Hg is changed to A 2 s^. 
Therefore we can define the following relation ~f on Vi(X.y. 

(5.5) ft ~ F ft' <*=^> there exist T E GL 3 (F 25 ) and A e F£ 5 such that s h > = X 2 sf l . 
We investigate the relation between ~ and 
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Lemma 5.3. Suppose that there exist T £ GLa(F25) and c £ F that satisfy 
sw = csT. Then h ~f h' holds. 

Proof. Let K denote the quotient field of the integral domain F25 [w, x, y]/(F). Then 
we have F n K — F25. By the assumption s/j/ = cs[, we see that c € F% 5 and that 
there exist non-zero elements lo and ui' of K such that uj' 2 = cuj 2 . Hence c is a 
square in F25. □ 

Let B\ = {/1 =0} and £> 2 = {f-i = 0} be reduced plane curves defined by 
fi G H 6 and f 2 € H 6 , respectively. We consider the set 

isom(Bi, B 2 ) := { r e PGL 3 (F) | B[ = B 2 } 

of projective isomorphisms from B\ to B 2 defined over F. By definitions and 
Lemma 15.31 we have 



(5.6) h~ti isom(B ft ,S^) ^ 0, 

(5.7) /i~ F /i' isom(Sh,Bfc/)nPGL3(F25)^0. 

Definition 5.4. Let Q = [Qo, Qi, Q2, Q3} and Q' = [Q' Q , Q[, Q' 2 , Q' 3 ] be two ordered 
4-tuples of points of P 2 such that no three points of Q are colinear and no three 
points of Q' are colinear. Then there exists a unique projective transformation 
tqq' G PGL 3 (F) such that 

Q TqqI := [Q T QQ ',Ql QQ ',Ql QQ ',Q T 3 QQ '] 

is equal to Q'. Let Tqq/ € GLa(F) denote a matrix such that [Tqq/] = tqq/. 

Let B be a reduced plane curve defined over F. We define Q(B) to be the set 

f Qj e Siog(-B) for i = 0, ... ,3, and no three of 

(5.8) i [Qo,Qi,Q2,Q3 



Qo: ■ ■ ■ ! Q3 are colinear 
Let i? be an element of Q{Bi). Then the map n->i? T induces a bijection 

(5.9) isom(fli,B a ) = { Q' e Q(-B 2 ) | / 2 = c/f BQ ' for some c e F* }. 

If all points of Q and Q' are F25-rational, then we have tqq/ € PGL3(F2s). Hence 
we obtain the following: 

Lemma 5.5. Suppose that every singular point of B^ and B^ is W^-rational, 
and that Q(Bj l ) and Q(Bf l i) are non-empty. Then isom(i3/ t , B^i) is contained in 
PGL 3 (F 25 ). □ 

The bijection (I5.9[) also provides us with a practical method to calculate the 
group aut(-B) = isom(B, B) for a plane curve B defined over F25 satisfying Sing(S) C 
P 2 (F 25 ) and Q(B) ^ 0. 
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6. Proof of Theorems 11.21 and 11.31 



6.1. Step 1. First note that Vi{X) H B3 — {hp}. Indeed, let h be a polarization 
of degree 2 such that d := (h, hp)^s < 3, and let H be a general member of \£h\- 
Then the morphism $p : X — > P 2 associated with \Ch F \ maps H to a plane curve 
of degree d birationally, or to a plane curve of degree d/2 by a morphism with 
mapping degree 2. Since H is of genus 2, we see that d = 2 and h = hp. 



for i5 = 4 and 5 by the algorithm in Section 13.21 The numbers of vectors in these 
sets are 



Then we have V 2 {X) n B 5 = P 2 p0 n V. 

Remark 6.1. The computation of V4 and V5 was carried out by a program written 
in Maple. It took about 10 days. The memory size of the result written in the plain 
text format is about 12.5 GB. 

Our goal is to calculate the subset V%(X) n V of V and decompose it into the 
equivalence classes under the relation ~ of the projective equivalence. Note that 
Aut(X, hp) acts on V4, V5 and V 2 {X)^ and that, if h and h! are in the same 
Aut(X, /i F )-orbit, then we have h ~f h', because every element of Aut (X,Hf) is 
defined over F25. 

6.3. Step 3. We first decompose V into the Aut(X, /ij?)-orbits, and choose a rep- 
resentative vector from each orbit. 

We have embedded Aut(X, h F ) in the orthogonal group 0(NS(X)) by (|2~2]) . 
Recall that Aut(X, hp) acts on NS(X) from right. We introduce a total order < on 
NS(X) as follows. Let x = [n, . . . , X22] and y = [yi,..., j/22] be vectors in NS(X). 
We put 

x <ic X V < ^==^ there exists k such that x& < yu and Xj — yj for j < k, 
and define x < y by 



6.2. Step 2. We calculate the sets 



Vs :={ve NS(X) I («, v) NS = 2, (v, h F ) NS = S }, 



|V 4 | = 1,020,600, |V 5 | = 208,059,000. 



We put 



V := {hp} U V4 U V5. 



x <y 




We then put 



K := { v e NS(X) I v < vT for all T G Aut(X, /i F ) }. 
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In other words, TZ is the set of vectors v that are minimal in the Aut(X, h F )- 
orbit containing v. Therefore we can define the representative vector v a of each 



We calculate the list TZ n V4, TZ n V5, and the order of the stabilizer subgroup 
Stab(v) C Aut(X, hp) for each v £ TZ n V by the following simple algorithm, where 
V = V and R = TZ. 

for v in V { 
minf lag: =true ; 
orderStab : =0 ; 

for T in Aut(X, h_F) while minf lag { 
vT : =v*T ; 

if vT<v then {minflag:=false;} 

else if vT=v then {orderStab : =orderStab+l ; } 

} 

if minf lag=true , then v is an element of R and 
orderStab is the order of the stabilizer subgroup of v; 
if minf lag=f alse , then v is not an element of R. 



\TZr\V 4 \ = \V 4 / Aut{X,h F )\ = 8 and \TZ n V 5 | = \V 5 / Aut(X, h F )\ = 312. 

Remark 6.2. We choose this total order < on NS(X) so that we can express each 
v £ TZ n V in the form (|5.1|) with d(v) small. See Remarks 1 5 . 1 1 and 1 5 . 2 1 

Remark 6.3. We should have 



These equalities can be used in a test of the obtained data. 

6.4. Step 4. For each v £ TZDV, we calculate the Gal(F25/F5)-conjugate v = (Tns 
of v, where Tns is the matrix given in Table [2~31 and find the representative vector 
v r € TZ n V of the Aut(X, ftf)-orbit containing v. 

Remark 6.4. The two steps above were carried out by a program written in the 
C language. We confirmed that all the entries x € Z of the vectors v in V and 
the matrices T of the representation (|2.2|) satisfy |x| < 100, and calculated vT and 
vT — vY^sT using the 32-bit int data type of C. 



Aut(X, h F )-orb\t o c NS(X) by 



oHK= {v }. 



} 



We obtain 
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6.5. Step 5. For each v £ IZCiV, we calculate the sets Si and S2 in Proposition ^. 1[ 
and determine whether v is a polarization or not. We obtain 

\v 2 {x)mznVi\ = 7 and |p 2 p0nftnv 5 | = 224. 

Example 6.5. The vector 

v = [1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1] G K n V 4 
is not a polarization, because 

r := [0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1] 
satisfies (r, t)ns = — 2, (r, /jf)ns = 1 > and (r, u)ns = — 1 < 0. 

6.6. Step 6. For simplicity, we put 

W := Tyx) n ft n V. 

By means of the algorithms in Sections 14.21 and 14.31 we calculate, for each h £ H, 
the set Exc(/i) of the classes of ^.-exceptional curves, and the set Lin(/i) of the 
classes of /i-lines. From Exc(/i), we determine the ADE-type RT(/i) of Sing(Bft,). 
By this computation, it turns out that Bh has only nodes and cusps. 

Let Dh £ 0(NS(X)) denote the matrix such that v h-> vDh is the action on 
NS(X) of the involution of X associated with the double covering iph : Xh — > P 2 . 
The eigenspace of Dh on NS(X) ® Q with eigenvalue 1 is spanned by 

• the polarization h, 

• the classes of /i-exceptional curves over the nodes of Bh, and 

• [C\] + [C2], where Ci + C2 are the exceptional divisors over the cusps of 
Bh, that is, Ci and Ci are /i-exceptional curves with (Ci,C2)ns = 1- 

The orthogonal complement of this subspace is the eigenspace with eigenvalue —1. 
Hence we can calculate Dh from Exc(/i). Note that Dh acts on Lm(h) C NS(JT). 
We confirm that every orbit of Dh on Lin(h) consists of distinct two vectors. Hence 
Bh does not contain any /i-splitting line as an irreducible component. 

Using Exc(/i) and L'm(h), we make the list 

Spl(/l) = [s 3 ,o, 32,1, Si, 2 , S , 3, S2,0, Sl.lj So, 2, Sl.O) S0,1) s O,o] 

of numbers s a ,h of ^.-splitting lines that pass through exactly a cusps of Bh and b 
nodes of Bh- 

We then confirm that the union of Exc(/i) and Lm(h) spans NS(X) for any 
h£%. Thus Theorem 11.21 is proved. 

Remark 6.6. Recall that v T is the representative vector of the Aut(X, /if)-orbit 
containing v. For any h £ H, we should have /i r € and RT(/i r ) = RT(/i), 
spl(/i r ) = spl(/i). These can be used in a test of the data. 

Remark 6.7. The above two steps were carried out by Maple. 
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6.7. Step 7. Next we proceed to the calculation of the projective models. For 
each h G T-L, we carry out the computation described in Section [5j and calculate 
polynomials oj,£,o,(,i,£,2 € ^2b[w,x,y\ that give the morphism <f>h : Xp — > Xh, and 
a homogeneous polynomial Sh(x, y, z) of degree 6 with coefficients in F25 such that 
w 2 = Sh(x,y,z) defines Xh- Then we compute the coordinates of the singular 
points of Bh. 

Remark 6.8. It turns out that, for every h £ H, we have 

Exc(/i) C Lm(h F ) U Con(/i_p), 

where Con(Zip') is the set of the classes of /ii?-conics on X calculated in Section l4~4l 
Since we have the parametric presentations p : P 1 <^-> Xp of all ft^-lines and hp- 
conics, we can calculate the coordinates of the singular points of Bh by composing 
p with $fj : Xp —> P 2 given by the polynomials £o,£i)?2- 

Remark 6.9. By this computation, we observe the following fact. For any h G % 
with RT(/i) 7^ 0, every singular point of Bh — {s^ = 0} is F25-rational, and the set 
Q(Bh) defined by (|5.8p is non-empty. By Lemma [5751 it follows that isom(_B/j, B^) 
is contained in PGL 3 (F 25 ) for any h,ti eH with RT(h) ^ and RT(ft/) 7^ 0. 

Remark 6.10. The calculation of the Grobner bases Gj of the ideals Ij cF25[w, a:, y] 
was carried out by Maple. The other polynomial calculation and the linear algebra 
in F25[u>, x, y] were carried out by a program written in C. The computation of the 
coordinates of the singular points of Bh was done by Maple. 

6.8. Step 8. We decompose % = T'2{X) n7?.n V into the equivalence classes under 
the relation defined by (|5.5j) . and confirm that the relations ~ and ~f are the 
same on %. 

6.8.1. The case where Bh is non-singular. In H, there are exactly three polariza- 
tions h such that RT(/i) = 0: hp and 

hp = [1,0,0,1,0,1,0,0,0,0, 1,0,1,0,-1,0,0,0,0,0,0,0] G V 4 , and 

hp = [0,-1, 0,2,1, 0,0,0,0,0,1, 0,1,0,1,1, 0,-1, 0,0,0,0]GV 5 . 

We have already calculated the defining equations w 2 = s h > F and w 2 = s h ^ of the 
projective models Xh' F and Xh' F , respectively. Applying the following result to the 
case n = 3 and q — 5, we see that h' F ~f hp and hp ~f h F . 

Theorem 6.11 (n. 3 of |17j). Let q be a power of a prime integer p. Then the 
image of the map GL„ (¥ q 2 ) — > GL„ (F ? 2 ) given by M 1— > M t M is equal to the set 

{H€GL n (W q2 ) I H= t H} 

of non-degenerate Hermitian matrices over ¥ q 2 } where H is obtained from H by 
applying a 1— > a q to the entries. 
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nz(/) < nz(g) or 



Corollary 6.12. For h £ T>2(X), we have h Hf if and only if there exist 
a 3 x 3 non-degenerate Hermitian matrix ((%) over F25 and A G F 25 such that 
s h = s h (x , xi,x 2 ) is of the form A 2 J2i,j=o a ijXix]. 

6.8.2. The case where Bh is singular. We introduce a total order -< on the set Mq 
of homogeneous sextic polynomials of variables x, y, z with coefficients in F25. 

Remark 6.13. Any total order will do. We have chosen the following one. For 
a = a + \/2 b £ F25 with < a, b < 5, we put \a\ := a + 5b £ Z. For 

/= a *3kx l y j z k £ H 6 , 

we denote by nz(/) the number of non-zero monomials in /, and put 

c (f) '■= [|a60o|,|a5io|,|a50iUa42oMa4ii|,---,|ao24|,|aoi5Uaoo6|] € ^ 28 , 

where the coefficients ctijk in c {f) are sorted according to the monomial order 
grevlex(z, y, x). Then we put / -< g if and only if 

nz(/) = nz(g) and the leftmost non-zero component of 
c(f) - c(g) is < 

We fix four reference points 

P Q := [1 : : 0], P x := [0 : 1 : 0], P 2 := [0 : : 1], /'; : 1:1: 1], 

and put P := [P , Pi, P 2 , P3]. Recall that 2(5,0 is defined by JO} and r QP G 
PGL 3 (F) is defined in Definition El For h £% with RTf» 7^ 0, we put 

T(/i) := { r G PGL 3 (F) | Sing(B£) 3 P, for i = 0, 1,2,3} = {r QP | Q £ Q{B h )}, 
S(h) := {\ 2 sf I A e F 2 X 5 , TgGL 3 (F 25 )}, 
S p (h) :— { s' h £ S{h) I the curve s' h = is singular at Pq, . . . , P 3 }. 

By RemarkHH we have T(h) C PGL 3 (F 25 ) and T{h) ^ 0, and hence 

S p (h) = { \ 2 s T h I A G F 2 X 5 , T £ GL 3 (F 25 ), [T] G T(fc) } + 

holds. Since Q{Bh) is easily calculated, so is S p (h). (Note that, since |GL 3 (F 2 s)| 
is very large, it is difficult to calculate S(h).) We put 

s™ in := the minimal element of S p (h) with respect to -<. 

By definition, we have h ~f h' if and only if S(h) — S(h'). Hence we have 

l u' y ^ „min „min 

h~ ¥ h s h - s h , . 

By this method, we decompose T-L into the equivalence classes of the relation ^f- 

Remark |6 . 91 combined with (|5.6[) , (|5.7p and the observation in Section [6.8.11 imply 
that the two relations ~ and ^f define the same relation on H. Thus the equivalence 
classes £q, . . . , £54 of ~ are obtained. 
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For h G H, we denote by [h] C H the equivalence class of ~ containing h, and by 
S[h] the polynomial s™ m obtained above. We also denote by B[h] the plane curve 
defined by sr/ji = 0. 

Remark 6.14. Since the calculations in Step 8 do not use the results of Step 6, we 
can use the fact that h ~ h! implies RT(h) = RT(/i') and spl(/i) = spl(/i') in the 
test of the data. 

6.9. Step 9. For each equivalence class [h] C W, we calculate the group aut(-Br/ji) = 
isom(_B[^j , ) and the set isom(_B[^j, B^) by the method given in Section 15.31 
where i?n,i is the plane curve defined by the polynomial srw € Hg obtained from 
S[h] by — s/2. 

Remark 6.15. In the test of the data, we can use the fact that [h] = [h r ] holds if 
and only if isom(B [h] , B [h] ) ^ 0. 

6.10. Step 10. We search for (T, A) G GL 3 (F 25 ) x F 2 X 5 such that X 2 sf h] has coeffi- 
cients in F5. If such (T, A) exists, then we necessarily have h ~ h T . 

Proposition 6.16. For / G He, the following conditions are equivalent. 

(i) There exist T G GL 3 (F 25 ) and A G F% 5 such that A 2 / T has coefficients in F 5 . 

(ii) There exist M G GL 3 (F 25 ) and c G F 2 X 5 such that f M =cf, MM = Id 3 and 
c 3 = 1. 

Since we have already calculated the set isom(B[h], B^) for every [h] C H, we 
can make the list of (M, c) G GL 3 (F 2 5) x F^ such that Sny = csj^. Therefore we 
can determine whether the condition (ii) is satisfied or not for / = sry. The proof 
below shows how to find (T, A) in the condition (i) from [M, c) in the condition (ii) . 

Proof of Provosition \6.1b\ Suppose that (i) holds. Since A 2 / T = A 2 / T , we have 
(A _1 A) 2 / = f TT ~\ Then M := TT 1 and c := (X^X) 2 = X s satisfy the equalities 
in (ii). Conversely, suppose that (ii) holds. Then there exists T G GL 3 (F 2 s) such 
that M = TT~ . Indeed, let m : F^ 5 ->• F^ be the map given by 

m(x) := x + xM, 

where vectors of F 25 are written as row vectors. Then there exist Xi,X2,x^ such 
that m(xt), mix-i), m{x^) are linearly independent. Let C denote the 3x3 matrix 
whose row vectors are Xi,x 2 , x 3 . We put 

S :=C + CM, 

which is non-degenerate. Then we have S = SM -1 . Therefore, putting T := S , 
we have M = TT . Since f M = cf, we have f T = cf T . Since c 3 = 1, there exists 
A G F 2 X 5 such that c = A 8 = (A^A) 2 . Then we have A 2 / T = X 2 Jr, and hence A 2 / T 
has coefficients in F5. □ 
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Example 6.17. Consider the equivalence class £7 = £ 7. The branch curve B^] is 
defined by 

\/2a;V + (1 + 3 \/2) x 2 y 4 + x A + (2 + 2 \/2) a; 3 y + (l + 4 -y/2) xV + xy 3 + 
(2 + 2 ^2) y 4 + v^z 2 + (1 + 3 Vf) xy = 0, 

and it has six nodes at [0 : : 1], [0 : 1 : 0], [1 : 1 : 1], [1 : 1 : 4], [1 : 2 + 2 y/2 : 2], 
[1:2 + 2 \/2 : 3] and a cusp at [1:0:0]. The set isom(B[ /l ] , B^i ) consists of the 
two projective transformations [Mi] and [A/2] given by the matrices 



Mi := 



4 + 4V2 
2 

2 + 2V2 



and Mo := 



1 + V2 

3 
2 






-2V2 



Since neither Mi Mi nor M2M2 is a scalar matrix, there exist no polynomials with 
coefficients in F 5 that defines a curve projectively isomorphic to B^\ ■ 

Remark 6.18. Except for the equivalence class £7 = £7, we have found a defining 
equation % r/ji of P^ with coefficients in F5 for each £ n with £ n = £ n . 

Remark 6.19. Steps 8, 9 and 10 were carried out by Maple. 

6.11. Remarks. 

Remark 6.20. The defining equations of Bh given in Section[5]are chosen as follows. 

The case where there exists a defining equation Sgju with coefficients in F 5 . We 
choose the minimal clement of the set 



*F,[h] I ceF 5, TeGL 3 (F 5 )} 
with respect to the total order -< in Remark 16.131 This equation is not uniquely 
determined by h, because there are pairs of curves B and B' defined over F5 that 
are projectively isomorphic over F25 but are not projectively isomorphic over F5. 

Other cases. We put 

P (0) := {[1 : : 0], [0 : 1 : 0], [0 : : 1], [1 : 1 : 1]}, 

:= {[0:1:1],[0:1:-1],[1:0:1],[1:0:-1]}, 
P (2) := {[1 : : 0], [0 : 1 : 0], [0 : : 1], [1 : 1 : 2}. 
We choose the minimal element of the set 

{A 2 ^, I AeF 2 x 5 , TeGL 3 (F 25 ), Sing^) D P« for some 1} 
with respect to the total order -<. 

Remark 6.21. The whole computation in this section depends on the choice of the 
/i^-lines £1, ... ,£22 whose classes form a basis of NS(X). We have carried out the 
same computation on different choices of /i^-lines, and confirmed that the results 
arc the same. 
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7. Proof of Theorem 11.41 

The polynomials in Table 11.11 that give a non-projective involution g of Xp 
are calculated by the following method. Recall that h' F in Step 8 of the previous 
section is the representative vector of the Aut(Xp, ft, F )-orbit V4 n £q. We have 
already calculated a birational morphism 

<?V F = (w : Co : £1 ■ £2) : *f -> X h , p , 

and the defining equation Sh' F of By . We have observed that Sh' F is written as 

Sh' F (x,y,z) = X 2 xH t x, 

where A € F£ 5 , x = (x,y,z), x — (x 5 ,y 5 ,z 5 ) and H satisfies H — t H. We search 
for M E GL 3 (F 25 ) such that H = M f M (see Theorem gDI) , and put 

Then the polynomials d/, £qj £ij £2 satisfy 



' 2 -C + £f + £ 2 6 



Hence the rational map from Xp to P(3, 1, 1, 1) given by (cu' : £'0 '■ '■ £2) defines 
an automorphism 7 of Xp. We choose ft, F -lines 1^, . . . , £i 22 such that [i^], . . ■ , [^i 22 ] 
span NS(X) (g) Q, and that none of i\, . . . , 122 is contained in the set J of indices 
in the expression (|5.1I) for /i' F that was used in the calculation of 4>h' F - Then we 
can calculate the images £j^ of li v by 7 using the parametric representations of £i v 
and the polynomials (u/ : £g : : £ 2 ). Computing the intersection numbers of £]^ 
with £\, . . . ,£22, we calculate the action of 7 on NS(X). Let v H> vT denote the 
matrix representation of this action. We then search for r g Aut(X, hp) such that 
its action on Xp is given by 

w^aw, (x,y,z) h-> (x,y,z)T T , 

where ct € Fjg, T T G GU3(F 2 5), and its action on NS(X) is given by v H> wiV T , 
where 7V T is a matrix satisfying (TN T ) 2 = Id 22 . We define (a/', £ ', £", £ 2 ) by 

u :=crcj, (£ ,£i,£ 2 ) : = (Co>4i,4 2 )?V, 

and replace the original polynomials (w,£o,£i,£2) by (oj", £g , , £ 2 ). Then the 
automorphism — ► X F given by (w : £0 : £1 : £2) is of order 2, because its action 
u 1 ^ iTiV T on NS(X) is of order 2. 

Remark 7.1. Let Xp(F 2 s) denote the set of F 2 5-rational points of Xp, which consists 
of 1, 176 points. We have confirmed that the involution g induces a permutation of 
order 2 on AT F (F 25 ). 
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8. The list of projective models So, . . . , £e4 

Here is the complete list of the projective models of degree 2 whose polarizations 
are located in B 5 C NS(X). 

£ = £ : RT = 0: |autj = 378000: spl = [0, 0, 0, 0, 0, 0, 0, 0, 0, 126]: 

N = 13051: stabs [756000] 2 , [720] 4 , [63] 5 : 

h = [1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0] : 



£i = £i: RT = 6,4i: |aut| = 12: spl = [0, 0, 0, 0, 0, 0, 12, 0, 30, 18]: 
N = 5607000: stabs [3, 12] 4 , [1, 1, 1, 1, 1, 1, 2, 2] 5 : 
h = [0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 1] : 
i 6 +3i 5 !/+ x 4 y 2 + 2 x 3 y 3 + y 6 + 3 x 4 + 3 x 2 y 2 + xy 3 + 3xy + 2y 2 +4 

£i = £ 2 : RT = 7Ai: |aut| = 6: spl = [0, 0, 0, 0, 0, 0, 15, 0, 24, 13]: 
N = 6678000: stabs [2] 4 , [1, 1, 1, 1, 1, 1, 2, 2, 2, 2, 6, 6] 5 : 
h = [0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0] : 

x 6 + 2x 4 y 2 +x 2 y 4 + x 2 y 3 + 2y 5 + x 4 + 2y 4 + 2x 2 y + 2y 3 + 3y 2 + 3y + 2 

£ 3 = £3: RT = 3A!+2A 2 : |aut|=6: spl = [0, 0, 0, 1, 0, 6, 0, 12, 15, 16]: 
N = 2268000: stabs [1,1, 1] 5 : 

h = [0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 1, 0, 1, 0, 1, 0, 0, 0, 0, 0, 0, 0] : 
x 6 + 3 x 3 y 3 + y 6 + 3 x 3 y + 2 y 2 + 2 

£4 = £4: RT = 8t1i: |aut|=8: spl = [0, 0, 0, 0, 0, 0, 16, 0, 24, 4]: 

N = 2457000: stabs [4] 4 , [1, 2, 2, 2, 2] 5 : 

h = [0, 0, 0, 0, 1, 0, 0, 0, 1, 0, 0, 0, 0, 1, 1, 0, 0, 0, 0, 0, 0, 0] : 

x 6 + 3 x 4 y 2 +x 2 y 4 + 4 x 2 y 3 + 4 y h + x 4 + 2 x 2 y 2 + 3y 4 + 2 x 2 y + Ax 2 + y 2 + 4y 

£5 = £5: RT = 8Ai: |aut|=4: spl = [0, 0, 0, 5, 0, 0, 12, 0, 20, 8]: 

N = 2268000: stabs [1, 1,2,2] 5 : 

h = [0, 0, 0, 0, 0, 1, 0, 0, 1, 0, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 0] : 

x 4 y 2 + x 2 y 4 + 2x 4 + Ax 2 y 2 + y 4 + x 2 + 4 y 2 + 4 

£6 = £a: RT = 6A!+A 2 : |aut| = 6: spl = [0, 0, 0, 2, 0, 6, 9, 0, 12, 14]: 
N= 1512000: stabs [1,1] 5 : 

h = [0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 1, 1, 0, 1, 0, 0] : 

x 6 + 4 x 4 y 2 + 2 x 2 y 4 + 2 x 2 y + y 3 + 4 
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£ 7 = £ 7 : RT = 6A 1 +A 2 : |aut| = 2: spl = [0, 0, 0, 2, 0, 4, 9, 4, 13, 12]: 

N = 4914000: stabs [1, 1, 1, 1, 1, 1, 2] 5 : 

h = [0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 1, 0, 1, 0, 1] : 

V2x 3 y 3 + (1 + 3 V2) x 2 y 4 + x 4 + (2 + 2 y/2) x 3 y + (l + 4 y^) x 2 y 2 + xy 3 + (2 + 2^2)/ + 
V2x 2 + (l + 3 y/2) xy 

£ 8 =£g: RT = GAx+Ai: |aut| = l: spl = [0, 0, 0, 1, 0, 4, 9, 4, 20, 6]: 
N = 9828000: stabs [1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1] 5 : 
h = [0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 1, 0, 0, 0, 1, 1, 0, 0, 0, 1] : 

x e + 2x 5 y + x 4 y 2 + 3 x 5 + 2 xy 4 + x 3 y + 3 x 2 y 2 + 4 xy 2 + y 3 + 3 y 2 + 3 x + 3 y 

£9 = £10: RT = 4^i + 2A 2 : |aut|=2: spl = [0, 0, 0, 0, 0, 6, 5, 10, 13, 9]: 

N = 4158000: stabs [1, 1, 1, 1, 1, 2] 5 : 

h = [0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 1, 0, 1, 1, 0, 0, 0, 0, 0, 1] : 

x 6 y +(2 + V2) x 4 y 2 + (l + 4 x 3 y 3 + (3 + y/2) x 2 y 4 + (2 + 4 y/2) xy 5 + (2 + y/2) y 6 + 
(2 + 3V2)x 4 +(l + 4 : V2)x 3 y+(3 + V2)y 4 +(l + 4 : V2)x 2 +(3 + V2)xy + Sy 2 + 2 + sV2 

£11 =£11: RT = 9Ai: |autj = 54: spl = [0, 0, 0, 9, 0, 0, 0, 0, 27, 0]: 
N = 84000: stabs [9] B : 

h = [0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 0, 1, 1, 0, 1, 1, -1, 0, 0, 0] : 
x 6 + 4 x 3 y 3 + 4 y 6 + x 4 + 4 xy 3 + 3 x 2 + 4 

£12 =£12: RT = 9Ai: |aut|=9: spl = [0, 0, 0, 0, 0, 0, 18, 0, 18, 3]: 

N = 1596000: stabs [9] 4, [1, l] s : 

h = [0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 1, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0] : 

4x 4 y 2 + 3x 2 y 4 + 4y 6 + x 5 + 3x 3 y 2 + 2xy 4 + x 4 + 2x 2 y 2 +4:xy 3 + 2xy 2 + 4:y 3 + 4:x 2 + 2xy + l 

£13 = £14: RT = 9Ai: jautj=6: spl = [0, 0, 0, 6, 0, 0, 12, 0, 15, 5]: 
N = 882000: stabs [1,6] 5 : 

h = [0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 1, 1] : 

V2x 5 y+2x 4 y 2 + (3 + 2^2) x 3 y 3 + (4 + 2^2) x 2 y 4 +(4 + 4 y/2) xy 5 +V2y (i +(l + V2~) x 4 + 
(4 + 3V2)x 3 y + (1+lv^iV + (1 + 4^/2)2/ + (3 + 3V2)x 2 + (l + ^2) xy + 
(3 + 4 V2) y 2 + 1 + V2 

£i 5 =£ie: RT = 9Ai: |aut| = 3: spl = [0, 0, 0, 3, 0, 0, 18, 0, 12, 6]: 

N = 2268000: stabs [1, 1, 3, 3, 3] 5 : 

h = [0, -1, 0, 0, 0, 0, 1, 1, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0] : 

(2 + 2V2) x 2 y 4 + x 4 y+ (4 + 4 y/2) x 3 y 2 + (l + y/2) x 2 y 3 + (2 + 4 ^2} xy 4 + (l + ^2) x 4 + 
(1 + 2^2) x 3 y+ (2 + 3V2) xy 3 + {2 + 4y/2)x 2 y+ (2 + ^2) xy 2 + (2 + V2) xy + 2 y 2 
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£ 17 = £ 1T : RT = 9^i: |aut| = 2: spl = [0, 0, 0, 5, 0, 0, 12, 0, 17, 4]: 

N = 3402000: stabs [1, 1, 1, 2, 2, 2] 5 : 

h = [1, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 1] : 

x 5 y + 2 x 4 y 2 + 4 x 3 y 3 + 2 x 2 y 4 + 4 xy 5 + 3 y 6 + 2 x 2 y 2 + 2 x 2 + xy 



£is = £i 9 : RT = 7^i + A 2 : jaut| = 2: spl = [0, 0, 0, 1, 0, 4, 13, 3, 12, 4]: 

N = 3024000: stabs [1,1,1,1] 5 : 

h = [0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 1, 1, 1, 1, 0, 0, 0, 0, 0, 0] : 

V2x 4 y 2 + (l + 2 V2) x 3 y 3 + (3 + 4 y/2) x 2 y 4 + 3 V2xy 5 + (2 + 2 ^2) x 4 + V2x 3 y + 4x 2 y 2 + 
3 V2xy 3 + (2 + 2 sfc) y 4 + (l + y/2) x 2 + 4 y/2xy + (l + V?) y 2 + 2 + 2 ^2 



£20 =£21: RT = 7^i + A 2 : |aut| = 1: spl = [0, 0, 0, 3, 0, 4, 8, 3, 13, 6]: 

N = 5292000: stabs [1, 1, 1, 1, 1, 1, 1] 5 : 

h = [0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 1, 0, 1, 0, 1] : 

2y/2x 3 y 3 + (3 + V2) x 2 y 4 + x 4 y+ (4 + 2 V?) x 3 y 2 + (3 + 4 y/2) x 2 y 3 + (4 + 4 y/2) xy 4 + 
x 4 + 3V2x 2 y 2 +3V2xy 3 + 4y 4 + y/2x 3 + 2y/2x 2 y + y/2xy 2 + (2 + 2 y/2) y 3 + 3a: 2 + 
(3 + 2V2)xy+ (2 + 3^) y 2 



£22 =£23: RT = 7^i + A 2 : |aut| = 1: spl = [0, 0, 0, 2, 0, 4, 9, 3, 16, 4]: 

N = 5292000: stabs [1, 1, 1, 1, 1, 1, 1] 5 : 

h = [0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 1] : 

x 3 y 3 + (1 + 3 V2) x 2 y 4 + x 4 y + (3 + 2 y/2) x 3 y 2 + 3 y/2x 2 y 3 + (2 + 4 y/2) xy 4 + y/2x 4 + 
{2 + 4^/2)x 3 y + 4xy 3 + (l + 3\/2)y 4 + (2 + y/2) x 3 + (3 + 3 y/2) x 2 y + s/2y 3 + 
(4 + 2 v/2) a: 2 + 4 x/2~ry + (l + 4 ^) y 2 



£24 = £24: RT = 5^i + 2A 2 : |aut| = 8: spl = [0, 0, 0, 2, 0, 10, 0, 0, 16, 8]: 
N = 378000: stabs [2] B : 

h = [0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 0, 0, 0, 0, 1, 1, 0, 1, 0, 0] : 

3 3 1 4 . 22, 4 
x y +x +x y +y + xy 



£25 =£25: RT = 5^i + 2A 2 : |aut| = 2: spl = [0, 0, 0, 0, 0, 6, 9, 8, 6, 8]: 

N = 2268000: stabs [1, 1, 2, 2] 5 : 

h = [0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 1, 0, 1, 0, 0, 1, 0, 0, 0, 1] : 

x 2 y 4 + x 4 y + (l + V2)x 3 y 2 + (3 + 4 y/2) x 2 y 3 + (3 + 2 y/2) xy 4 + (l + s/2) x 3 y + 
{l + 2y/2)x 2 y 2 + (3 + V2)xy 3 + (l + 4V2)x 2 y + (1 + 2^/2) xy 2 + 3x 2 + 4^2xy + 
(1 + 4^) y 2 
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£27 = £27: RT = 5A l +2A 2 : |aut| = l: spl = [0, 0, 0, 1, 0, 8, 4, 4, 13, 6]: 

N = 3780000: stabs [1, 1, 1, 1, 1] 5 : 

h = [0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 1, 1, 0, 1, 0, 1] : 

x 6 + 3 x 4 y 2 + x 2 y 4 + x 3 y 2 + 3 x 2 y 3 + xy 4 + 2 x 3 y + 3 xy 3 + 4 x 3 + 3 x 2 y + 4 xy 2 + 4 y 2 

£28 =£29: RT = 5^i + 2A 2 : |aut| = l: spl = [0, 0, 0, 1, 0, 6, 4, 8, 14, 4]: 

N = 4536000: stabs [1, 1, 1, 1, 1, 1] 5 : 

h = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 0, 0, 1, 0, 1, 0, 1] : 

x 4 y 2 + (2 + 2 V2) x 3 y 3 + (3 + 2 y/2) x 2 y 4 + (l + y/2) x 4 y + 2 y/2x 3 y 2 + (2 + y/2) xy 4 + 
(2 + 3V2)x 4 + 4x 2 y 2 + (l + 3y/2)y 4 + (3 + 4x/2)i 3 + 4V2xy 2 + (l + A) y 3 + 
(4 + 2V2)^ 2 + (3 + 3^2) xy+ (1 + 2 V?) y 2 

£30 = £31: RT = 3A 1 + 3A 2 : |aut| = 3: spl = [0, 0, 0, 0, 0, 6, 3, 15, 6, 6]: 
N = 1260000: stabs [1,3,3] B : 

h = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 0, 1, 1, 0, 0, 0, 1] : 

x 4 y 2 + (1 + y/2) x 3 y 3 + (2 + 3 y/2) x 2 y 4 + x 4 y + 4x 3 y 2 + (3 + 3 v^) x 2 y 3 +4 V2xy 4 + 4x 4 + 
(2 + 3V2) x 3 y + x 2 y 2 +(4 + 2 ^2) y 4 + (3 + 2 ^2) x 3 + (4 + 3 x 2 y+ (4 + 4 y/2) xy 2 + 
(2 + 4 V2) y 3 + x 2 + V2xy + 3y 2 

832=832- RT=10Ai: |aut| = 20: spl = [0, 0, 0, 0, 0, 0, 20, 0, 10, 1]: 
N = 226800: stabs [20] 4 , [4] B : 

h = [0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 0, 1] : 
x 6 + 2 x 4 y + y 5 + 4 x 2 y 2 + y 3 + 4 x 2 + 4 y 

£33 =£33: RT=10Ai: |aut|=4: spl = [0, 0, 0, 6, 0, 0, 16, 0, 4, 6]: 
N = 756000: stabs [2, 2] 5: 

h = [0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 1, 0, 0, 0, 0, 0, 1, 0, 0, 1, 0, 0] : 

x 6 + x 4 y 2 + 3 x 3 y 3 + 3 x 2 y 4 + 2 y 6 + x 2 y 2 + 4xy + 4 

£34 = £35: RT=10Ai: |aut| = 2: spl = [0, 0, 0, 4, 0, 0, 17, 0, 9, 3]: 
N = 1890000: stabs [1,1, 2] B : 

h = [0, -1, 0, 1, 0, 1, 1, 0, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 0, 0, 0] : 

x 5 y+x 4 y 2 +3x 3 y 3 +(4 + y/2) x 2 y 4 + (l + y/2) xy 5 +4 V2y 6 +2 x 4 +4x 3 y+(4 + 4^2) xy 3 + 
(2 + 2 V2) y 4 + x 2 + (1 + 4 y/2) y 2 + 2 

£ 3 6 = £35: RT = 8^i + A 2 : |aut| = 1: spl = [0, 0, 0, 3, 0, 4, 11, 2, 7, 4]: 

N = 3780000: stabs [1, 1, 1, 1, 1] 5 : 

h = [0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0, 0, 0, 1, 0, 0, 0, 0, 1, 0, 1] : 

x-'y + 4 x 2 y 4 + x 5 + 3 x 4 y + 2 x 2 y 3 + 3 x 4 + 2 y 4 + 2 xy 2 + 2 y 3 + 2 x 2 + 3 xy + 4 y 



34 



ICHIRO SHIMADA 



£37 = £37: RT = 8^i + A 2 : |aut| = 1: spl = [0, 0, 0, 2, 0, 4, 13, 2, 6, 6]: 

N = 3024000: stabs [1,1,1,1] B : 

h = [0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 1, 0, 1, 1, 0, 0, 0, 0, 0, 1] : 

x 4 y 2 + 4x 3 y 3 + 4x 2 y 4 + 3xy 4 + y° +4xy 3 +4x 3 +4x 2 y + 4x 2 + xy + 3y 2 + 3 x + 3y 



£38 =£39: RT = 8^i + A 2 : |aut| = 1: spl = [0, 0, 0, 2, 0, 4, 12, 2, 10, 2]: 

N = 3024000: stabs [1,1,1,1] 5 : 

h = [0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 1, 0, 1, 0, 1, 0, 0, 0, 0, 0, 0, 1] : 

(1 + 4 y/2) x 2 y 4 + x 4 y + (l + y/2) x 3 y 2 + 3 x 2 y 3 + (2 + y/2) xy 4 + x 4 + (2 + 2y/2)x 3 y + 
3 x 2 y 2 + V2y 4 + 4 y/2x 3 + (2 + 3 y/2) x 2 y + y 3 + 3 x 2 + (2 + 4 y/2) xy + 3 y 2 



£40 =£«: RT = 6A 1 + 2A 2 : |aut|=6: spl = [0, 0, 0, 2, 0, 6, 6, 6, 6, 5]: 
N = 378000: stabs [2] s : 

h = [0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 1, 1, 0, 0, 0, 1, 0, 0, 1, 0, 0] : 

x/2:r 6 + (l + y/2) x 5 y+(l + 4^2) x 3 y 3 +V2x 2 y 4 +2 V2xy 5 + (3 + V2) y 6 + (4 + 3 V2~) x 4 + 
3x 3 y+(2 + V2) x 2 y 2 + (4 + 4^/2) xy 3 + (3 + 3 V2) y 4 + (2 + y/2) x 2 + (l + 4 y/2) xy + 
V2y 2 + 4 



£42 =£43: RT = 6^i + 2A 2 : |aut| = 2: spl = [0, 0, 0, 2, 0, 6, 5, 6, 10, 1]: 
N = 1512000: stabs [1,1] 5 : 

h = [0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 1, 0, 0, 1, 0, 0, 0, 0, 0, 0, 1] : 

x 4 y 2 + (2 + 3 \/2) x 3 y 3 + (3 + 3 y/2) x 2 y 4 + x 4 y + (3 + 3 V2~) x 2 y 3 + 3 y/2xy 4 + 2 y/2x 4 + 
(3 + 4 V2) x 2 y 2 + 2V2xy 3 + (4 + s[2) y 4 + (3 + 3 V2~) x 3 + (4 + 3 V2) y 3 + (4 + 2 y/2) x 2 + 
4V2xy+(3 + 2V2)y 2 



£44 =£45: RT = 6^i + 2A 2 : |aut| = l: spl = [0, 0, 0, 1, 0, 6, 7, 6, 9, 3]: 
N = 2268000: stabs [1,1, 1] B : 

h = [0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1, 1, 0, 0, 1, 0, 0, 0, 1] : 

2 x 3 y 3 +3 V2x 2 y 4 + (4 + 2 y/2) x 3 y 2 + (3 + %/2) x 2 y 3 + (l + 2 y/2) xy 4 +x 4 + (3 + V2~) x 3 y+ 
3x 2 y 2 + 3y 4 + (l + 4 y/2) x 3 + (l + 3 y/2) x 2 y + 4 xy 2 + (2 + 4 V2) y 3 + (3 + V2) x 2 + 
(l + V2)xy+(3 + 3V2)y 2 



£ 46 =£46: RT = 4,4i + 3A 2 : |aut| = 3: spl = [0, 0, 0, 1, 0, 6, 3, 12, 7, 0]: 
N = 756000: stabs [1] B : 

h = [0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 1, 0, 1, 0, 0, 0, 0, 0, 0, 1] : 
x 6 + 3 x 3 y 3 + 4 x 4 y + xy 4 + 3 x 2 y 2 + 4 x 3 + 3 xy + 4 
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£47 = £47: RT = 4^i + 3A 2 : |aut| = 2: spl = [0, 0, 0, 0, 0, 8, 4, 8, 4, 5]: 
N = 1134000: stabs [1,2] 5 : 

h = [0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 1, 1, 1, 1, 0, 0, 0, 0, 0, 0, 0] : 
x 6 + 3 x 4 y 2 + 4 x 2 y 4 + 2 j/ 6 + 4 x 2 y 3 + 2 x 4 + 3 x 2 y 2 + 4 x 2 y + y 3 + 3 x 2 

£48=^48: RT = 4^i + 3A 2 : |aut| = 1: spl = [0, 0, 0, 0, 0, 8, 5, 8, 5, 4]: 
N = 2268000: stabs [1,1, 1] 5 : 

h = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 1, 0, 1, 0, 1] : 

2 x 4 y 2 + x 5 + 2 x 2 y 3 + 4 xy 4 + 2 x 3 y + 3 x 2 y 2 + 2 xy 3 + 2 xy 2 + 3x 2 + 2xy + 2 y 2 

£49=249: RT=llAi: |aut|=4: spl = [0, 0, 0, 8, 0, 0, 8, 0, 10, 0]: 
N = 378000: stabs [2] 5: 

h = [0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 1, 1, 0, 0, 1, 0, 1, 0, 0, 0, 0] : 
x 6 + x 4 y 2 + 4 x 2 y 4 + 3 x 5 + 3 xy 4 + x 2 y 2 + 2y 4 + x 3 + 4y 2 + 2 x + 2 

£50 = £51: RT = 9^i + A 2 : |aut| = 1: spl = [0, 0, 0, 4, 0, 4, 9, 1, 7, 2]: 
N = 1512000: stabs [1, 1] 5 : 

h = [0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 1, 0, 0, 0, 0, 1, 0, 0, 0, 1] : 

(4+V2)x 3 y 3 + (4 + 2V2)x 2 y 4 + x 4 y + 4xy 4 + V2x 4 + (3 + 3 x 2 y 2 + 4xy 3 + 
(4 + 2V2)y 4 +(2 + 3V2)x 3 +(4 + 4V2)x 2 y+(4 + 3V2)y 3 + (l + 2V2)x 2 + 3, V2xy + 
(2 + 3v^)y 2 

£52 =£52: RT = 7^i + 2A 2 : |aut| = 2: spl = [0, 0, 0, 4, 0, 6, 2, 4, 8, 2]: 
N = 378000: stabs [2] B : 

h = [0, 0, 0, 0, 0, 0, 1, 1, 1, 0, 0, 1, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0] : 
x 6 + x 5 y + 2x 4 y 2 + x 2 y 4 + 3y e + x 4 + x 2 y 2 + xy 3 + 4xy + y 2 + 3 

£53 = £54: RT = 7^i + 2A 2 : |aut| = l: spl = [0, 0, 0, 2, 0, 6, 7, 4, 7, 0]: 
N = 1512000: stabs [1, 1] 6 : 

h = [0, 0, 0, 0, 0, 1, 0, 0, 0, 1, 0, 1, 0, 0, 1, 0, 0, 0, 0, 0, 0, 1] : 

(2 + 2 y/2) x 2 y 4 + x 4 y + (4 + v^) x 3 y 2 + (2 + 2 \/2) x 2 y 3 + 4 xy 4 + 3 x 4 + (3 + 2 y/2) x 3 y + 
V2x 2 y 2 + (3 + 4 y/2) xy 3 + (2 + 2 V / 2)y 4 + (3 + 4V2~)x 2 y + (2 + 3y/2)xy 2 + 
(2 + sV2)y 3 + V2xy + 4y 2 

£55 =£56: RT = 7^i + 2A 2 : |aut| = l: spl = [0, 0, 0, 2, 0, 6, 6, 4, 6, 1]: 
N = 1512000: stabs [1, 1] 5 : 

h = [0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 1, 1, 0, 1, 0, 0, 1, 0, 0] : 

(3 + 2^2) x 2 y 4 + x 4 y + x 3 y 2 + {2 + y/2) x 2 y 3 + (2 + 4 y/2) xy 4 + V2x 4 +(3 + 4^2) x 3 y + 
(2 + 4 V2) xy 3 + 4 V^y 4 + V2x 3 + (l + 4 y/2) x 2 y + (4 + ^2) y 3 + 4 x 2 + 4 V2xy + 2y 2 
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£57 = ^58: RT = 5^i + 3A 2 : |aut| = 2: spl = [0, 0, 0, 1, 0, 6, 4, 9, 4, 1]: 
N = 756000: stabs [1] 5 : 

h = [0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 0, 0, 0, 0, 1, 0, 1, 0, 1] : 

y/2x 4 y 2 + (4 + 2\/2) x 3 y 3 + 4y/2x 2 y 4 + (3 + y/2) xy 5 + Ay/2y 6 + (l + 4y/2~)x 4 + 
(3 + y/2)x 3 y + 2 y/2x 2 y 2 + (l + y/2) y 4 + (3 + 2 y/2) x 2 + (2 + 4 y/2) xy + (3 + y/% y 2 + 
1 + 4^2 



£ 5 9=£6o: KT = 8Ai + 2A 2 : |aut| = 2: spl = [0, 0, 0, 2, 0, 6, 7, 2, 5, 0]: 
N = 378000: stabs [2] 6 : 

h = [0, 0, 0, 0, 1, 0, 0, 1, 0, 0, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 0] : 

x 5 y+(l + y/2)x 4 y 2 + 2x 2 y 4 + (2 + y/2) xy'° + (4 + 3 y/2) y 6 + 3 x 4 + (4 + 4 y/2) x 3 y + 
(1 + 3 a/2) x 2 y 2 + (3 + 3^2) xy 3 + 4 y/2y 4 + 4 x 2 + y/2xy + (3 + 3 y/2) y 2 + 3 

fei^fe: RT = 84i + 2A 2 : |aut| = 1: spl = [0, 0, 0, 3, 0, 6, 7, 2, 3, 1]: 
N = 756000: stabs [1] 6 : 

h = [0, 0, 0, 0, 0, 0, 0, 1, 0, 1, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 1] : 

x 3 y 3 + (3 + 4 \/2) x 2 y 4 + 2 s/2x 3 y 2 + 2 x 2 y 3 + 2 xy 4 + x 4 + (4 + 2 y/2) x 3 y+ (l + y/2) x 2 y 2 + 
(3 + 2y/2)y 4 + (3 + y/2) x 3 + (3 + 4 y/2) x 2 y + 4 y/2y 3 + (2 + 4 yA) x 2 + (3 + 2 y/2) xy + 
(4 + 4y/5)y 2 

£ 6 3 =£63: RT = 6,41 + 3^2: |aut| = 3: spl = [0, 0, 0, 3, 0, 6, 3, 6, 3, 0]: 
N = 252000: stabs [3] 5 : 

h = [0, 0, 0, 1, 0, 0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 0] : 

x 4 y 2 + x 4 y + x 3 y 2 + 2y 5 + 2x 4 +Ax 2 y 2 + 3 xy 3 + Ay 4 + 4 x 3 + 2 xy 2 + y 3 + 2 x 2 + y 2 

£ 6 4 = £tiA- RT = 6^4i + 3^2 : |aut| = 3: spl = [0, 0, 0, 0, 0, 6, 9, 6, 0, 1]: 
N = 252000: stabs [3] 6 : 

h = [0, -I, 0, 0, 1, 0, 1, 0, 1, 1, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 1] : 

x 4 y 2 + x 3 y 3 + x 2 y 4 + 3 x 3 y 2 + x 2 y 3 + 3 x 3 y + x 2 y 2 + 2 x 3 +2 x 2 y + 3y 3 + 2 x 2 + 3 xy + 4 y + 4 



9. Examples with Milnor number > 20 

In [14], we have shown that every supersingular K3 surface in characteristic 5 
with Artin invariant < 3 is isomorphic to the minimal resolution Xj of the double 
cover Yf — ► P 2 of P 2 branching along a curve Bf of degree 6 whose afhne part is 
defined by 

y 5 - m = o, 
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Table 9.1. The polynomials fi 



where / is a polynomial of degree < 6. (When deg/ < 6, the sextic curve Bf con- 
tains the line at infinity.) Investigating the singular points of Bf and the splitting 
curves of degree < 3 of Yj — > P 2 , we obtain the following: 

Theorem 9.1. Let uj e F25 fee a root of uj 2 +oj + 1 = 0, and let ui be u 5 . Then Xf 
is a super singular K3 with Artin invariant 1 if and only if Bf C P 2 is projectively 
isomorphic to the curve corresponding to one of the fi in Table \ 9.1l These nine 
sextic curves Bf i are not projectively isomorphic to each other. □ 
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